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I. Introduction 

The most general results in the theory of the d— Neumann problem have been 
obtained in the classical I? setting. Estimates are formulated in L 2 Sobolev 
norms. The theory of subelliptic estimates on pseudoconvex domains of finite 
type is fairly well understood, thanks to the pioneering work of J. J. Kohn (Ko79 
) and others (e.g., J. D'Angelo (Da82), D. Catlin (Ca87), etc.). In the late 
1960s new integral representation formulas were introduced on strictly pseudo- 
convex domains by G. Hcnkin and E. Ramirez, independently, which eventually 
allowed to prove pointwise estimates for solutions of the Cauchy-Ricmann equa- 
tions, such as estimates in supremum norm and in Holder norms. These new 
tools also led to proofs of numerous other results involving boundary behavior 
of holomorphic functions and related objects. (See Ra86 for a systematic expo- 
sition.) These techniques made essential use of an explicit holomorphic support 
function. Besides on strictly pseudoconvex domains, such holomorphic support 
functions exist also on Euclidean convex domains, but as shown by the 1972 ex- 
ample of Kohn and L. Nirenberg, they do not exist in general for pseudoconvex 
domains of finite type. Holder estimates for d were obtained on certain special 
convex domains of finite type by R. M. Range (Ra78). The case of general con- 
vex domains of finite type was eventually solved in 1997 by A. Cumenge (Cu97), 
and soon thereafter by K. Diederich and J. E. Fornaess (DF99). In dimension 
two, where the Levi form is just a scalar function, Holder estimates were ob- 
tained on pseudoconvex domains of finite type by C. Fcfferman and J.J. Kohn 
(FeKo88) by using reduction to the boundary and microlocalization techniques, 
and shortly thereafter by R. M. Range (Ra90), who used a division theorem of 
H. Skoda to produce an appropriate holomorphic generating form and integral 
kernels on bD x D, which however could be estimated in dimension two only. 
Neither approach could be generalized to higher dimensions, and a more com- 
plete understanding of pointwise estimates in the theory of the d— Neumann 
problem in arbitrary dimensions has remained elusive for quite some time. 

In this report we outline a program to obtain new integral representa- 
tions and certain pointwise estimates for the d— Neumann problem on arbitrary 
smoothly bounded weakly pseudoconvex domains D. In case the boundary bD 
satisfies suitable additional properties, e.g. finite type, these techniques might 
eventually lead to obtaining appropriate Holder estimates in the d— Neumann 
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theory. The principal new ingredients are a generating form W(£, z ) f° r Cauchy- 
Fantappie kernels in this general setting which reflects the pseudoconvexity of 
the domain, and related precise estimates for W. This generating form 



W(C,z) = 



is a (1,0) form defined on bD x D which is constructed explicitly from a partic- 
ular defining function r for D. The new W involves a critical modification (see 
below) of the classical Henkin-Ramirez holomorphic generating form on strictly 
pseudoconvex domains. As is well known, in general it is not possible to find 
support functions and related kernels holomorphic in z on arbitrary smoothly 
bounded pseudoconvex domains, even in case of domains of finite type. 
The new W has the following basic properties: 

La) While $ = X)j=iSj(Cj — z j) * s n °t holomorphic in z, the form d z & has 
a zero at z = ( whose order is carefully controlled; 

Lb) $ satisfies precise uniform estimates from below somewhat weaker than 
those familiar in the strictly pseudoconvex case, and which involve explicitly the 
eigenvalues of the Levi form of the defining function r for D; 

I.c) In case the domain is strictly pseudoconvex, W — while not holomorphic — 
satisfies the classical estimations known in that case; 

I.d) $ satisfies the same symmetry properties that have been successfully used 
on strictly pseudoconvex domains in earlier work. 

This generating form W is introduced into the basic integral representation 
machinery for the d— Neumann problem developed by Lieb and Range in LR83 
in place of the standard locally holomorphic generating form for strictly pseu- 
doconvex domains that was used in LR83. The (formal) construction of the 
relevant integral kernels and integral representations proceeds essentially in the 
same way as in LR83, except for a technical modification to account for the fact 
that the differential dr of the chosen defining function r is no longer normalized 
on the boundary bD. The crux in LR83 involved the explicit identification of 
certain symmetries in the leading terms which led to a cancellation of singular- 
ities, and which in turn yielded appropriate Holder 1/2 smoothing estimates. 
These estimates made essential use of strict pseudoconvexity. 

Based on I.d), critical symmetries are preserved in some of the leading terms 
in the general case, while in other terms, e.g., those that required a Levi metric 
as developed in LR86, there are no cancellations. In particular, the weaker 
estimates in the general case do no longer yield any Holder estimates, at least 
not directly. Instead, a careful analysis of the relevant kernels in the general 
case (based on La, Lb, and I.d ) allows to estimate some of the derivatives, 
leading to a pointwise analogon of the classical Morrey-Kohn "basic estimate" 
in the L 2 theory on arbitrary weakly pseudoconvex domains. (See below for 
more details.) 
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II. The Basic Estimates on Weakly Pseudoconvex Domains 

Let us first recall the basic estimate in the L 2 theory. For simplicity we consider 
(p,q) forms in C" with the standard Euclidean metric, and with p = 0. The 
generalization to p > is standard. By using the techniques developed in 
LR86, it seems likely that our results carry over to complex manifolds with an 
arbitrary Hcrmitian metric. 

We fix a smoothly bounded pseudoconvex domain D in C" and a point 
P £ bD. As usual, on a sufficiently small neighborhood U(P) of P one introduces 
a smooth orthonormal frame {u>i, u>2, ...,ui n } for (1,0) forms on U, with u> n — 
vdr for a suitable defining function r for D with v{Q) > on U, and the 
corresponding dual frame {Li, L n } for (1,0) vector fields. In the following 
discussion q > 1. One defines 

® q (D)=C^ q) (D)ndom(d*), 

and denotes by D q u those forms in D q {D) which have compact support in Df)U. 

Then f £ D q u can be written as J^.j fj^ J > where the summation is over strictly 
increasing g-tuples J. One has the following U L 2 basic estimate" of Morrey and 
Kohn. (Sec FoKo72 or Ko79) There exists a constant C such that 



Ell^lf + E* / C(C;f K (0)dS(C)<C 

3; J hD 



d f 



for all / £ Qqu- The norms here are the standard L 2 norms over D. C is the 
Levi form of the defining function r with respect to the frame {Li, ...,L n }, and 
for an ordered (q — l)-tuple K the vector field f K = {fi , f^, f„) is given 
by ff = €j K fj, where ej K equals the sign of the permutation which carries the 
g-tuple jK (j £ K) into the ordered g-tuple J, and is in all other cases. Since 
in case n £ J one has fj — on bD n U for / e dom(d ), and hence f„ = on 
bD for all K, pseudoconvexity implies that C((;f K ) > on bD for / £ ® q u- 
Furthermore, it readily follows from f.j\bD =0 that one also has the estimate 



||/j||?<Ci||0/j|| <C 2 



M + 
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if n £ J. 



Here Wf.j^ is the full 1-Sobolev norm, i.e., H/jHj is the sum of the squares 
of the L 2 norms of all first order derivatives of fj. 

Proceeding to the pointwise estimates, we define 

?> k q {D)=C k (0s) {D)ndom{d*) 

for k = 1,2,..., and we denote by D qU those forms in D^(D) which have 

compact support in D (~l U. Vcctorfields V act on forms coefficientwise, i.e., 

tf / = Ej fj" J , then V(f) - Ej V(fj)uJ J . For a C 1 form / of type (0, q) on 
D we define the norm 



Qo(/) = |/lo + |0/|o + l*/lo. 
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where i? is the formal adjoint of d, and |</?| is the sum of the suprcmum norms 
over D of the coefficients of ip. For < A < 1 we denote by |<^| A the sum of the 
Holder A- norms of the coefficients of ip. Similarly, for a positive integer fc, \ip\ k 
denotes the C k (D) norm, with the corresponding meaning for |</?|j, +A - 

Our principal general result gives the u pointwise basic estimates" contained 
in the following theorem. 

Theorem. Let bD be (Levi) pseudoconvex in a neighborhood U of the point 
P e bD. If U is sufficiently small, one has the following uniform estimates for 
all f e V l qU and for z E DDlI : 

III) \L~(f)(z)\ < C a ■ dist(z,bD)- a ■ Q (f) for j = l,...,n- 1 and any 
a > 1/3; _ 

11.2) \L n (f)(z)\ < C a ■ dist(z,bD)- a ■ Q (f) for any a > 0; 

11.3) \Lj(f)(z)\ < C a ■ dist(z,bD)- a ■ Qo(f) for j = l,...,n- 1 and any 
a > 2/3; 

11. 4) For the normal components fjuJ J of f with respect to the frame 
{oJi, ...,uJ n } one has 

\fj\s < CsQo(f) for any S < 2/3 if n e J- 

Comparison with the classical L 2 basic estimate would suggest that II. 1 
might hold for any a > 0, and correspondingly, that II. 4 might hold for any 
S < 1. It is not clear at this point whether the techniques and estimations can 
be improved to yield these stronger results. 

So far, I have verified these results in detail in case n = 2, q = 1. However, 
the precise estimations of W involving the eigenvalues of the Levi form (see Lb 
above, and more details below) provide the necessary ingredients that should 
give the result for arbitrary n and q > 1. Note that the top case q = n is 
essentially trivial, since the relevant boundary integrals in the standard integral 
representation formula (Theorem IV. 1.7 in Ra86) vanish in this case. 



III. Outline of the Construction of the Generating Form W 

We assume D has C k boundary ( k sufficiently large) and that bD is pseudo- 
convex. We fix P e bD, and for convenience we assume P = 0. After a linear 
change of coordinates there is a C k defining function r on a neighborhood U(P) 
of the form r(z) = x n — h(z', y n ), where z' = (zi, z n -i), z n = x n + iy n , and 
h(0) = dh = 0. Since bD is pseudoconvex, it follows that for any ( e U (not 
just ( € bD) the Levi form £ of this particular defining function r satisfies 

n „o n n 

ft (t r P 

£(r,(;t) = T^riOtjh > for all t e C" with]T ^-(Qtj = 0. 



Let 

Fir) ^ *) = E ^(o(Ci - zj) \ E o§^^j zm z k ) 
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be the usual Levipolynomial of r, which is quadratic holomorphic in z. (See 
Ra86) The following well known equation is a direct consequence of the 2nd 
order Taylor expansion of r(z) at (. 

2 Re [FW(C, z) - r(C)l = -r(C) - r(z) + £(r, (;(-z) + 0(\( - z\ 3 ). 



For C € f/ we denote by tt£ : C n -> T C 1,0 (M C ) C C n the orthogonal projection, 
where is the level surface of r through £ and Tj, ' (C n ) is identified with C™ 
via the standard basis We then define 

<MC, *) - ^ (r) (C, *) - r(C) + K (C - z)\ 3 , 
where K > is a large constant to be suitably chosen later on. 



While 



<(C-*) 



which appears 



is smooth in (£, z), the term 7r^(C — z) 

in $k is of class C 2 in general, and smooth only at points (C,z) with — 
z) 7^ 0. For j = 0, 1,2, ... we introduce the notation £j to denote continuous 

z) £ 0, 

3 



functions which are locally uniformly bounded and smooth for 7r^ (£ 



and which satisfy an estimate \£j\ < const. \( — z\ . Then 7r£(C — z) = £3, 

and if D k denotes a partial derivative of order k with respect to C and/or z, 
3 



then D k 



£ 3 _ fe for k = 1,2,3. 



We now restrict C, z to DdU, so that —r(Q > and —r(z) > 0. By choosing 
U sufficiently small, fixing ( £ D nil, and carefully estimating with respect to 
a suitably chosen local holomorphic coordinate system in z (which depends on 
the point £), one obtains the following fundamental estimate for $k((, z) from 
below for sufficiently large K: 



|**-(C,*)I > const, [im (C, z) +\r(0\ + \r(z)\ + 
+ £( r , C ;<(C-z)) + | \(-zf 

for all z £ D HU, with the constant independent of ( and z. 

The estimate holds for any K chosen so large that the third order remainder 

term 0(|£ — z| 3 ) of the Taylor expansion of r at £ £ U is estimated by ^ |£ — z| 3 . 

3 • 3 

The error terms that arise when 7r|(C — z) is compared with |£ — z\ are 

absorbed by \&k{(, z)\ and |r(£)|. Note that by pseudoconvexity and the special 
choice of the defining function r one has 

C(r, C; 4(C - «)) > for all £ e I) n £/, 

so all terms in the estimation of \&k((, z)\ are nonnegative! 

As in the familiar strictly pseudoconvex case, r(C) and Im F^((,z) can be 
used as coordinates in a C k ~ 2 real coordinate system in a neighborhood of z. 
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The crux of the above estimate for $k is that <&k is of order 1 in the complex 
normal direction, while the Levi form completely controls <$>k from below in 
the complex tangential directions. 

2 

If D is strictly pseudoconvex near P, then £(r, C; 7r£(£ — z)) > c n^(( — z) 
for some c > 0, so that 

|*xK,z)l > const. [ | ImFW(Cz) | + |r(C)| + \r(z)\ +c\(- z\ 2 ] 

for some c > and for any if > 0, provided |£ — z| < e and e is chosen 
sufficiently small. 

In the general case one has the following estimates for derivatives of ^^(C: z ) : 

m i) Wk&z) = fr; 

111. 2) L n ^K (C; z ) = where L„ ;2 is the standard normal (0, 1) vectorheld 
acting in z; 

111.3) L 3> $ g (C, ^) =£i fo r j < n; 

111.4) * K {C,z)-* K (z,Q=£a- 

Most importantly, the third order tangential correction term allows to prove 
the following more delicate estimate which is critical for the estimations of the 
integral kernels when n > 2. Fix z, and choose the orthonormal frame L\,...,L n 
so that Li, L n -i form an orthonormal basis for T^' (M^) which diagonalizes 
the Levi form restricted to T^'°(M Z ) at the point ( = z. Note that this is a 
condition at the single point £ = z; in general, there is no smooth frame which 
diagonalizes the Levi form in a neighborhood of z. After a unitary change 

_ -— and hence 

Jlz v 9 <i z 

Vj , where the coefficients of Vj are smooth and £\ . It then 



of coordinates in Q 1 ,...,C >n , one can assume that Lj\ = V2 8 



C 

follows that with respect to these particular coordinates one has 

n-1 

C{r,z;TTl(C -z)) = Y^ x j( z ) \(j - z i\ - where x j( z ) > °- 

Since the coefficients of the expression on the left are smooth in z and C, one 
obtains 

n-1 

£(r, C; < (C -*)) = £ A,(z) |C# - zj\ 2 + U(C, z), 
i=i 

where the error term 1Z((, z) is smooth and 1Z(C, z) = £3. Now choose K in the 
definition of <&k so large that this error term satisfies |7£(C, z)| < x |C — z | 3 - It 
then follows that if U and e are sufficiently small, given the fixed point z and 
the chosen coordinates (which depend on z), one has the sharper estimate from 
below 
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III.5) 



\®k(C, z )\ > const. 



n-1 



ImFW(Cz) + |r(C)| + \r(z)\ + £ \ 3 {z) |C, Zj \ 2 + - \( 



for (,x £ Z)fl {/. All estimates and constants can be chosen to be uniform in 

(,zeDnu. 

Similarly, with respect to the corresponding dual frame, 



dr Adr A ddr(() = "f(()uj n A u n A 



n-1 



where 7(C) 7^ and the form fi z has smooth £\ coefficients. It follows that 
III.6) 

n— 1 n— 1 



dr Adr A ddr(() 
$^(C^) 



w„ A w„ A 



i=l j,fe=l 



, where 



< const. - 



B 



< const. 



|lmFW(C,z)| + |r(C)| + |r(s)| + \Cj zj\ Z + fK _ *l 

K^f] 

TmF(.r)(C,z)\+\r(Q\ + \r(z)\ + ^\C-z\ 3 ' 



and 



for C, z e D n [/. 



Remark. The special coordinates in dependence of z introduced above are 
used only for the estimations III. 5 — 6. The function <5>k is defined with respect 
to the fixed standard coordinates of C n introduced at the beginning, and which 
will continue to be used below. 

Next, one verifies that there is a decomposition 

n 

F«(C, z) + K |t4(C - zf = 5>(C, z)^ - z s ), 

J=l 

where the coefficients §j are sums of terms holomorphic in z (the ones coming 
from F^) and terms which are £2- Furthermore, one has 



III. 7) a) d z gj = Si, and b) L n , z gj = £ 2 for j = 1, ...,n. 

We now define the (1,0) form g = Y^j=i Sj^Cj an d se t 



W((,z) 



for (C, z) e (DnU) x (DnU) - {((, 2) : C = 2 € &£>}. 
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Note that for ( G bD one has 

n 

so that < W, C - z >= (Cj - Zj) = 1 on bD n E7 x (£> n U). Thus IV is 

indeed a generating form in the terminology of Ra86, and the standard calculus 
for the Cauchy-Fantappie forms 

n n , q (W) = c n , q W A (d^WT^- 1 A (d~ z W)\ < q < n - 1, 

applies for C e bDOU. 

So far the construction of IV is local on U(P), and that is all that is needed 
for the (local) results discussed in this report. If desired for other applications, 
the local generating forms can be patched together and extended to (, z e D by 
standard techniques to obtain a global form on D x D — {((, z) : ( = z £ bD}. 

IV. Holder Estimates 

Given the general integral representation formulas analogous to those in LR83, 
the "pointwise basic estimates" on arbitrary pseudoconvex domains contained in 
II. 1 — 4, and the more refined estimates III. 5 — 6, it is now possible to investigate 
whether an analogon of Kohn's techniques of subelliptic multipliers (see Ko79) 
can be used in the integral representation setting to find explicit conditions on 
the boundary bD near the point P which would imply a Holder estimate 
W.(5) 

l/la < CsQo(f) for some 8 > and all / € D qU . 

For this purpose I define the set T-L q {P) of q- regularizing multipliers at P to 
consist of those germs [i of C°° functions at P for which there exists a 5 > 
such that there is an estimate 

IV. 1) 

\T x (n ■ f)(z)\ < C s Hz)] 6 - 1 Q (f) for all / e 2)^ and zeDDU, 

where T z is any of the vectorfields L\-, L n —i^ Li, Z/ n _i, L n — L n acting in 
z at the point ( = z. Note that these 2n — 1 vectorfields span all vector fields 
tangential to the level surface M z . Since the system d + ■d is elliptic, it follows 
that IV. 1 then also holds for T z equal to L n + L n , that is, for the real vector 
field normal to bD. The estimate IV. 1 then implies the Holder estimate 

IV.2) 

W\ s < CsQo(f) for all / e D^. 

on a sufficiently small neighborhood U on which /i is defined. A germ fi at P 
which satisfies IV.2 is called a q-Holder multiplier at P. For technical reasons it 
is better to work with the estimation IV. 1 as the defining concept for regularizing 
multipliers W(P). 
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As in Kohn's work in the L 2 setting, the goal is to find conditions on bD 
which imply that 1 € H q (P), so that a Holder estimate IV. (S) would hold. 

It follows readily that H q (P) is an ideal in the ring of germs of C°° functions 
at P. 

The following two results are also easy consequences of the general integral 
representation formula and the basic estimates II. 1 — 4 stated above. 

IV. A) If /j, = onbD near P, then fj, e H q (P) for any q>\. 

IV.B) 1 e H n (P), with the estimates IV. 1—2 holding for any 8 < 1. 

Much more delicate is the following result. Recall that r is the suitably 
chosen defining function for D near the point P. 

IV. C) If n = 2, the eigenvalue of the Levi form (i.e., the coefficient of the 
(2, 2) form dr A dr A ddr is in H 1 (P). 

The estimates III. 6 — 7 are critical ingredients for this latter result. The 
techniques developed so far should allow to prove the corresponding result in 
arbitrary dimensions as well, as follows. 

IV.D) The coefficients of dr A dr A (ddr) n ~ q are in H q (P). (Needs to be 
confirmed in detail for n > 2.) 

The results A), B), C) and D) establish in the pointwise estimate setting 
results that are analogous to parts of Kohn's theory of subelliptic multipliers 
(Ko79). Some of the remaining steps in the program involve extending other 
key parts of Kohn's theory to the setting of regularizing multipliers. If this 
program proves successful, combining these results with Kohn's algorithm and 
a theorem of K. Diederich and J. E. Fornaess (DF78) would lead to proofs of 
the following conjectures. 

Conjecture I. If bD is real analytic and pseudoconvex in a neighborhood 
of P, and if there does NOT exist any germ of a complex subvariety V C bD of 
dimension q with P <E V, then 1 e V. q (P). 

Conjecture II. Suppose 1 e H q (P). Then there exists 6 > 0, and for each 
k = 0, 1, 2, ... there are constants C k (which depend on S), such that 

\f\ k+s <C k Q k (f) for aU/e2)J+ 1 . 

Here Q k is defined by replacing | | with | \ k in Qo- For k — the estimate 
essentially just restates the hypotheses. The main point thus is to extend the 
estimate to arbitrary higher order derivatives. 

Corollary of Conjectures I and II. If bD is bounded, pseudoconvex, and 
real analytic, then there exist S > and C k , k = 0, 1, 2, so that if q > 2 and 
f is a d— closed (0,q) form in C k (D), then the "canonical" solution u = d N q f 
of du = f orthogonal to ker d in the I? sense satisfies 

d*N q f 



<C k \f\ k . 
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Remark. These results and techniques might also lead to a proof of the 
preceding Corollary in case q = 1, where u = d N q f is a function. At the very 
least it should be possible to construct a solution operator Si for du = f in 
case q = 1 which satisfies the analogous estimates \S\f\ k+s < Ck \f\ k for some 
S > 0. Furthermore, if the theory of regularizing multipliers is successful in the 
pointwise setting, the preceding results would hold if bD is just pseudoconvex 
and of finite type near P. (See Y.-T. Siu, SilO.) 

In case D is smoothly bounded and strictly pseudoconvex, and if the metric 
is a Levi metric, Lieb and Range (LR86) proved — in the present terminology — 

that 1 e W{P) for any P e bD and q > 1, with S = 1/2. Furthermore, they 
proved Conjecture II and the Corollary in this case as well, also with 5 = 1/2, 
and they showed that in case q = 1 the Corollary holds without any restrictions 
on the metric. While the precise identification of the principal terms for the 
various operators in the d— Neumann theory on strictly pseudoconvex domains 
did require a Levi metric, the techniques developed here might allow to prove 
the H61der-l/2 estimates in the strictly pseudoconvex case as in Conjecture II 
and the Corollary with respect to an arbitrary Hermitian metric. (Note that 
the case q = 1 is already covered by LR86.) 

Remark. Aside from the applications to pointwise estimates in the d— Neu- 
mann theory outlined in this report, the function the related generating 
form and integral kernels, and the estimates described above should have other 
significant applications in complex analysis on (weakly) pseudoconvex domains. 
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